Electron-positron pair production, in combined Sauter potential wells and an oscillating one is imposed on a static Sauter potential, is investigated by using the computational quantum field theory. We find that the gain number (the difference of pair number under combined potentials to the simple addition of pair number for each potential) of the created pairs depends strongly on the depth of static potential and the frequency of oscillating potential. In particular, it is more sensitive to the frequency compared with the depth. For the low-frequency multiphoton regime, the gaining is almost positive and exhibits interesting nonlinear characteristics on both depth and frequency. For the single-photon regime, however, the gaining is almost negative and decreases near linearly with depth while it exhibits an oscillation characteristic with frequency. Furthermore, the optimal frequency and depth of gain number are found and discussed.
I. INTRODUCTION
Quantum electrodynamics vacuum becomes unstable with electron-positron (e + e − ) pair production in strong background fields [1] [2] [3] . Schwinger [4] obtained the e + e − pair production rate from the vacuum in a strong static constant electric field E by using a proper-time technique, exp(−πE c /E), where E c = 1.3 × 10 16 V/cm is the Schwinger crtital field strength. Since then, the e + e − pairs creation has become a hot research topic [5, 6] . Two main different mechanisms of created pairs in strong fields are identified, which are close analogies of atomic ionization. They are quantum tunneling mechanism and multiphoton process [7] [8] [9] [10] . The Schwinger critical field strength E c , which corresponds to the laser intensity 4.3 × 10 29 W/cm 2 , is so high that the experimental observability of created pairs is very difficult to realize in present laser facilities. However, there are many current construction or planned laser facilities, such as the Extreme Light Infrastructure (ELI) [11] , the Exawatt Center for Extreme Light Studies (XCELS) [12] , the European X-Ray Free-Electron Laser (XFEL) [13] , and the Station of Extreme Light at the Shanghai Coherent Source, can make one expect the experimental observation of pair creation from the vacuum in the future. On the other hand, theoreticians hope to optimize the laser fields to enhance pair production by attempting to use the complex strong fields before the possible experimental observation.
Various theoretical methods have been adopted to deal with this nonperturbative and nonequilibrium problem in pair creation process, such as Wentzel-Kramers-Brillouin (WKB) approximation [14, 15] , worldline instanton technique [16] [17] [18] , quantum kinetic methods including quantum Vlasov equation [19] [20] [21] [22] and Wigner function formalism [23] [24] [25] , and so on. Amongst them many works have employed the computational quantum field theory (CQFT) to study not only the pair creation but also some conceptual problems existed in relativistic quantum mechanics [26] such as the Zitterbewegung [27] , relativistic localization problem [27] , Klein paradox [28] , and so on.
By the CQFT scheme, some interesting results of pair creation from the vacuum in Sauter potential have been achieved [29] [30] [31] [32] [33] . For example, the number of pair creation in a strong static well is associated with a population of bound states diving into the negative energy continuum (Dirac sea) [29, 30] . For an oscillating well, the pair creation is caused by the multiphoton process and determined by the frequency of the potential [32] . A dynamically assisted Schwinger mechanism, which consists of a strong low-frequency field and a weak high-frequency field in a spatially homogeneous scenario, is found to enhance significantly the rate of created pairs [34] . This intrigues many people to consider the different combined fields to enhance the yield of pairs [35] [36] [37] . The pair production in combining a static Sauter potential barrier and an alternating Sauter potential barrier has been well investigated by the CQFT method [31] . The results show that the pair production in these combined potentials can be increased by several orders of magnitude compared with the production associated with each potential individually. The impact of the static field can accelerate as well as suppress the pair creation process depending on the frequency of an alternating field. For combined Sauter potential wells, the number of created pairs can also be more than that in a well [33] .
Although these previous works about the combined fields have revealed some characteristics for pair production, the impact of depth and frequency of the combined wells on the number of created pairs have not yet been studied completely. In this paper, therefore, we introduce the gain number of the created pairs, which is the difference of pair number under combined wells to the simple addition of that for each single well, to further investigate the effect of combined wells. We focus on effects of the depth of the static well and the frequency of the alternating well on the gaining of pair number. We find that the gain number of created pairs strongly depends on the depth of the static well and the frequency of the oscillating well. For the multiphoton regime, the gain number is mainly positive and exhibits interesting nonlinear characteristics. As the depth increases, it firstly keeps zero, then increases almost linearly and finally drops with tiny oscillation. For the single-photon regime, however, it even appears negative values for some depths and frequencies.
The optimal frequency, mainly lies in the low-frequency multiphoton regime, and depth are found and discussed. This paper is organized as follows. In Sec. II, we introduce briefly the CQFT framework and our model. In Sec. III, we investigate the gain number in combined wells for different depths of the static well and different frequencies of the oscillating well by the CQFT and discuss the results.
In Sec. IV, is a summary of this work.
II. THE COMPUTATIONAL FRAMEWORK OF CQFT AND THE EXTERNAL POTENTIAL
The number of particles is not conserved in the process of e + e − pair production from the vacuum in strong external fields. It is not accurate to investigate the process with Dirac equation which is a single-particle wave function. In order to better describe the creation and annihilation of electrons or positrons, we employ the CQFT which can provide us with many information about pair production, such as particle number, momentum spectrum, and spatial density distribution at every moment.
In the CQFT, the evolution of field operator satisfies the Heisenberg equation of motion where
Hamiltonian is second quantized. Since the number of e + e − pair production is not significant and the force between them is small compared with that of the external electric field, we neglect the fermion interaction. By this assumption, it turns out that the evolution of the field operatorψ(r, t) also satisfies the Dirac equation in which the vector potential is classical.
In this paper, we use the atomic units (a.u.) as = m e = e = 1 and consider an one-dimensional system along the z direction for the sake of simplicity. Here
where V(z, t) is the scalar classical external potential along the z direction,p z is the component of According to quantum field theory, the field operator can be expanded in term of the timeindependent creation and annihilation operatorŝ
The field operator can also be expanded by means of the time-dependent creation and annihilation operators with Bogoliubov transformation
Hereb p andd † n represent the annihilation operator of the electron and creation operator of the positron, p and n are the momenta of positive and negative energy states respectively, u p (z) and v n (z) denote the field-free positive and negative energy eigenstates respectively, and u p (z, t) and v n (z, t) denote the time evolution of u p (z) and v n (z) respectively. We can express the time-dependent creation and annihilation operators with Eqs. (2) and (3) by orthonormality of energy eigenstates of free hamiltonian.b
and U n,p (t) = v n (z)|Û(t) |u p (z) . The time evolution operator of the field operatorÛ(t) ≡
T exp(−i t 0 Hdτ),T denotes time-order operator, and H is the Hamiltonian of Eq. (1). The electronic portion of the field operator is defined asψ + e (z, t) ≡ pbp (t)u p (z) so that the created electrons' spatial number density can be expressed as
Using Eqs. (4) and (5) and the anticommutator relations b p ,b † p = δ p,p and d n ,d † n = δ n,n , the number density of electrons can be rewritten as
where U p,n (t) can be computed by using the split-operator numerical technique [38] . By integrating Eq. (7) over space, we can obtain the total number of created electrons as
In this paper, using above introduced the CQFT method, we consider a combination of a static and an oscillating Sauter well: For the convenience of study, we use the gain number of created pairs ∆N(t) to see the effects of the depth and frequency of potential:
where N c (t), N s (t), and N o (t) represent the number of created pairs of combined wells, a static well, and an oscillating well respectively. In order to shorten simulation time, we consider that electric field turn on and off abruptly, simulated length L = 1.2 a.u. and simulated time T = 0.002 a.u..
During this simulated time, the created electrons can not leave the simulation space. Throughout this paper, the characteristic well parameters are chosen as: V 0 = 1.47c 2 , D = 10/c, and W = 0.3/c.
III. NUMERICAL RESULTS AND DISCUSSION
A. Effects of the static potential in the combined wells
As mentioned in the introduction, the static well can provide some bound states, which can enhance created pairs. In combined wells, there are three possible mechanisms to create pairs, which are tunneling, multiphoton and dynamically assisted Schwinger mechanism, respectively.
We investigate the gain number for different depths of the static well. Two fixed frequencies ω = 1.5c 2 and 2.5c 2 are chosen, which correspond to multiphoton and single-photon regime, respectively.
1. Pair production in multiphoton regime (ω < 2c 2 )
We first consider the fixed frequency ω = 1. so sufficient to create pairs by tunneling mechanism. This is also understood by the bound states diving into the negative energy continuum [29, 30] . We display the energy spectrum of the total Hamiltonian with external static potential in Fig. 2 . When the depth of static well is greater than 
So the effect of pair production by the dynamically assisted Schwinger mechanism is very weak. Thus the behavior of the combined wells is almost coincident with the result by a single oscillating well. And note that it seems to have the final gain number while it is small within depth V s /c 2 of (0.33, 0.5). This is due to the strong electric field can accelerate created pairs by the multiphoton mechanism to leave the interaction zone to reduce the effect of Pauli blocking. So we can lead to the conclusion that the pairs can be created for the part I is mainly by the multiphoton mechanism.
In part II, for the depth of static well at about 0.5c 2 to 2c 2 , however, we can see that both the final total created pairs and the gain number are almost linearly increasing with the depth.
The pairs can be created by the dynamically assisted Schwinger mechanism due to total energy E c = ω + V s > 2c 2 . This process can be understood that electrons first stay or partly stay in the bound states, and then they escape from the Dirac sea by absorbing two or more photons [33] . We can see from Fig. 2 that the increasing depth of the static potential provides more bound states for the energy between −c 2 and c 2 , which can be viewed as some ladders to increase the number of created pairs. So both curves in Fig. 1 grow as we expect. For part II, only the number of created pairs by the tunneling mechanism is almost negligible. The number of created pairs by absorbing at least two photons is constant with increasing the depth of static well. So one can see that the final total pairs and the gain number increase almost with the same slope. Pairs can be created by the multiphoton absorption and the dynamically assisted Schwinger mechanism. It worth to be noted that the gain number is greater than the number of created pairs only by multiphoton mechanism for the depth of static well V s > 0.84c 2 .
Now let us examine the most interesting part III, where the depth V s lies 2c 2 − 3c 2 . It is very different from the part I and part II that some bound states dive into the negative continuum.
Here the created pairs are mainly by the tunneling mechanism. The final created pairs N c (T ) also increase with a nearly constant slope but the slope is a little greater than part II, which is also known from quantum tunneling viewpoint. Next, we show the gain number of created pairs can roughly describe the number of pairs by the dynamically assisted Schwinger mechanism. Interestingly, the gain number has a peak value ∆N Max = 2.557c 2 at about the depth of static well V s = 2.1c 2 . This result is similar with previous work which consider the relative enhancement N c (t)/(N s (t) + N o (t)) in a spatially homogeneous combined electric fields [40] . It is noticed from Fig. 1 that the N s (T ) grows faster than others. The reasonable conjecture is that the bound states diving into the negative energy sea can suppress the process of the dynamically assisted Schwinger mechanism. So we can see that the gain number decreases when the depth is greater than 2.1c 2 .
In summary, for frequency ω = 1.5c 2 in the multiphoton regime, the gain number is nonnegative and has a peak value in combined wells as the depth of static well increases. Three different parts (I, II and III) for depths of the static well are found and identified for three different dominated mechanisms: the multiphoton process, effective dynamically assisted and the tunneling one.
Pair production in single-photon regime (ω > 2c 2 )
When ω = 2.5c 2 , which produces pairs by absorbing one photon, the numerical results are very different from those of ω = 1. In part II where the depth V s lies between 0.182c 2 and 2.01c 2 , on the one hand, the static electric field is so strong to reverse motion of created pairs moving out of the well, and reduce the number of created pairs due to the Pauli blocking effect. To intuitively understand the effect, we show the final spatial probability density of created electrons for different depths V s at final time T = 0.002 a.u., see Fig. 4 . The number of peaks inside the well in the Fig. 4 is the same for different depths, which depends on the frequency. The Pauli blocking effect from the static well is implied in Fig. 4 where the number of created electrons outside the well for the depth V s = 1.0c 2 in combined wells is less than the one for an oscillating well. On the other hand, the static well can provide more bound states between the gap which can enhance the number of pairs. As is expected, the pair number inside the well for V s = 1.0c 2 is greater than for an oscillating well. The final number of created pairs N c (T ) decreases and reaches the minimum value 3.183 at V s = 2.01c 2 . The negative gain number suggests that the Pauli blocking effect is more dominant than the effect of bound state in part II.
Finally, we focus on part III where V s is greater than 2.01c 2 . One can see from Fig. 4 that the number of created pairs outside the well for V s = 2c 2 and 3c 2 is a nearly constant, which indicates that the reduced number of created pairs due to Pauli blocking effect reaches saturation. The final number of created pairs inside the well rise remarkably, which is mainly due to bound states diving into the Dirac sea. The final created pairs almost linearly increase in Fig. 3 which suggests that increased pairs number from tunneling process is more than the reduced number, due to the Pauli blocking effect. Moreover, the gain number is also negative and monotonically decreases as the depth of the static well increases. We display the gain number and its variation with depth for different oscillation frequencies in Fig. 5 . The behavior of the curves is similar to these we discuss above. It is an interesting phenomenon that as the frequency increases the peak value of the gain number increases first and then decreases. Based on the above analysis, we find that the gain number ∆N(T ) is very sensitive to the frequency. We choose two fixed depths V s = 0.5c 2 and 2.5c 2 to further investigate the effects of frequency. For single oscillating well, the number of created pairs by multiphoton mechanism increase slowly for ω < 2c 2 . While ω > 2c 2 , the number of created pairs increases rapidly due to singlephoton absorption and then oscillates damply when ω is greater than 2.5c 2 . This oscillation is due to the finite interaction time T and would disappear for T → ∞ [31] . The behavior of the pair number N o (T ) is roughly consistent with Ref. [31] and its decrease in the regime of high frequency can be explained by space-time resolved perspective [31] . When V s = 2.5c 2 , the number of pairs from the tunneling mechanism can not be neglected.
Also, the corresponding strong electric fields can force the particles to return to the interaction zone, which can reduce the pair number by Pauli blocking effect.
One can see from Fig. 7 that the number of created pairs N c (T ) and the gain number ∆(T ) are largely different from V s = 0.5c 2 . For ω < 2c 2 , with the increase of frequency, all of them increase rapidly and reach maximum values at ω = 0.08c 2 and then slowly fall off with the gradually decreasing amplitude.
In the ω < 1c 2 regime, the large gain number ∆N can be explained by bound states and effective time [41] . During simulated time T = 0.002 a.u., the depth of combine wells V grows and reaches maximum value V max = 2.5c 2 + 1.47c 2 = 3.97c 2 at ω = 0.04c 2 and then decrease to 1.47c 2
at ω = 0.08c 2 as the frequency increases. The deeper the depth of combine wells, the more bound states diving into Dirac sea generate more pairs. This is the reason why the gain number in the tunneling regime increases rapidly and approaches a maximum value at ω = 0.08c 2 . When 1c 2 < ω < 2c 2 , the large pairs number is interpreted with the more bound states provided by static well between the gap, which can enhance the pair production by dynamical assistance. In the ω > 2c 2 regime, the gain number is negative and reaches minimum value −1.673 at ω = 3c 2 , which is due to Pauli blocking effect from the static electric field. C. The optimal frequency and depth of the static well for the final gain number ∆N(T )
In this section, we find the optimal frequency and depth of the static well for the gain number.
Based on the above analysis, we have plotted the contour plot of the final gain number of pairs for different frequencies ranging from 0 to 2c 2 and depths of the static well between 2c 2 and 3c 2 , see One can see the appearance of bright color bands for some frequencies suggest that the gain number is more dependent on ω than the static potential depth V s . The corresponding frequencies of these bands are 0.08c 2 , 0.24c 2 , 0.40c 2 , 0.76c 2 , 0.92c 2 , 1.06c 2 , 1.40c 2 , and 1.56c 2 respectively.
According to the above frequencies, the optimal depths are provided in Table I . The optimal frequency and depth are 0.08c 2 and 2.58c 2 respectively, and the tunneling mechanism dominates. 
IV. CONCLUSIONS
Within the CQFT framework, we have investigated effects of the depth of static well and the frequency of oscillating well for the gain number of created pairs. And we have obtained the optimal frequency and depth of the static well. The main results can be summarized as follows:
1. In the multiphoton regime, the gain number is almost positive and non-monotonic with increasing depth of the static well.
2. In the single-photon regime, the gain number decreases monotonically and appears negative values as the depth of static well increases.
3. The gain number is more dependent on frequency ω than the depth of the static potential V s .
It reaches maximum value at around ω = 0.08c 2 , where the optimal depth is 2.58c 2 .
With the increase of the depth of static well, there are more bound states between positive energy and negative energy continuum, which can enhance the gain number. However, the bound states entering in Dirac sea, Pauli blocking by the static well can reduce the gain number. For the lower-frequency case, the results can be explained by the bound states diving into the Dirac sea and effective interaction time. For the higher-frequency case, particularly in the single-photon region, the effect of Pauli blocking has a strong inhibitory effect on the gain number. Moreover, the single-photon process may hinder the channel of dynamical assistance. The assisted mechanism can be further understood by these results. In this work, we only focus on studying the depth of the static well and frequency. To better understand the assisted mechanism, we may also need to consider the width of the potential well.
